A universal quantum computer requires the coherent control of large Hilbert spaces 12, 13, 14 , which makes its achievement an ambitious technical challenge. The traditional approach is to build a large-scale quantum coherent architecture with two-states quantum devices (qubits) into which information is encoded and treated using state populations and phases. An alternative path to overcome the scalability obstruction is to make use of d-states devices 15, 16 (qudits). Indeed, it was recently demonstrated that multi-level quantum systems can be of great relevance for the field of quantum information processing 2, 3, 4, 5, 6, 7, 8 provided a long coherent control of the phase of the system 17, 18 . In general, interferometric circuits are used to get access to phase's information: an initial state is subjected to two paths before merging to a final state. Depending on the difference between the phases accumulated on the two different paths, the state will recombine in a constructive or destructive interference. The information on the phase difference between the two paths can be deduced from a population measurement. Furthermore, the phase coherence 19 can be assessed from the contrast of the interference fringes. The archetype interference experiment based on Young slits proved the wave/particle character of light 20 and single atoms 21 . Nowadays, Ramsey interferometry is widely used to characterize the coherence time of qubits. We here propose a generalization of Ramsey interferometry to the case of a qudit, which we have implemented in three different protocols. The first one (single-transition Ramsey interferometry) allows a phase measurement of quantum dynamics that preserves the state population. We use it to determine the geometric phase accumulated by quantum states driven along closed paths in their state spaces. The second protocol (double-transition Ramsey interferometry) is more general by demonstrating our ability to measure a phase of a quantum evolution even if state populations are modified. We apply it to the iSWAP quantum gate. The third protocol (Hadamard-Ramsey interferometry) is suited in essence to measure phases of multilevel-state superposition. We illustrate it here by measuring the coherence time of a three-state superposition. All these protocols can be generalized to the case of any d-state system and are universal. In order to highlight the feasibility and the potential of these protocols, they are illustrated by measurements performed on a single 3/2 nuclear spin located in a molecular magnet 7, 22, 23 .
We exploit a bis(phthalocyanine)terbium (III) single-molecule magnet (TbPc2), embedded in a single-electron transistor ( figure 1(a) ). The core of the molecule is a Tb 3+ ion with an electronic angular momentum J = 6 and a nuclear spin I = 3/2. Because of the ligand field of the Pc complexes, the electronic angular momentum behaves like a ±6 Ising spin. Its axis will be taken as quantization axis z for the nuclear spin. The hyperfine interaction between the electronic and the nuclear spin consists of a dipolar term A ≈ 24.9 mK and a quadrupolar term P ≈ 14.4 mK 24 .
This specific hyperfine coupling gives rise to a four-level quantum system with three distinct resonance frequencies ν1 ≈ 2.45 GHz, ν2 ≈ 3.13 GHz and ν3 ≈ 3.81 GHz 7 ( figure 1(b) ). An exchange-coupling in between the Tb 3+ ion electronic spin and the spin carried by the Pc read-out quantum dot induces an electronic spin dependence of the conductance through the read-out quantum dot, allowing a direct read-out of this electronic spin via transport measurement 25 .
Furthermore, this electronic spin has a finite probability to tunnel from one state to the other through Quantum Tunnelling of Magnetization (QTM) governed by the Landau-Zener process.
Because of the hyperfine coupling, QTM can occur at four different magnetic fields, corresponding to the four nuclear spin states. Therefore, the magnetic field values at conductance jumps reads out the nuclear spin states 22 . Finally, an antenna in the vicinity of the transistor allows a coherent manipulation of the nuclear spin transitions using only electric field 7, 23 . The device is cooled down to 40 mK by means of a dilution refrigerator and subjected to a 3D-magnetic field. The visibility of a given nuclear spin state, knowing the initial one, is then measured using the following protocol: (i) Preparation: magnetic field swept from +60 mT to -60 The microscopic mechanism by which the nuclear spin can be controlled with an electric field relies on the dependence of the hyperfine interactions on the electric field, which is amplified by the significant strengthening of the Stark interactions by the odd-parity contribution to the ligand field of the Pc complexes on the Tb 3+ ion causing a small mixing of electronic states of opposite and a phase shift can be described in the co-rotating frame by
where ( to a final state whose probability to be in the state | ⟩ (resp. | ⟩) is given by
]) which reveals the difference in the phases separately accumulated by the two states from the time at which the first π/2 pulse was applied up to the time at which the second π/2 pulse was started. The computation of these probabilities is detailed in supplementary information. It is important to emphasize here that the population of the states | ⟩ and | ⟩ must be unaffected by the transformation that creates the phase difference in between the two paths. The motion of a quantum state on a closed path, which results in the accumulation of a geometric phase, ideally suited to this protocol. Geometric phases were first discovered by S. Pancharatnam 26 through polarization manipulation in classical optics. Later, M.V. Berry 27 found geometric phases by analysis of adiabatic cyclic quantum dynamics, then interpreted with a holonomy element in a line bundle 28 , and finally discussed in its full generality in the context of non-abelian spectral bundles 10 and for non-cyclic and non-unitary evolutions 29 . Its global nature makes it robust to noise sources 30, 31, 32 , what is a major interest for intrinsically fault-tolerant quantum information processing 33 . It was explored in various experiments including superconducting circuits 34, 35 and molecular magnets 36 . In order to produce a geometric phase in the nuclear spin qudit we use a sequence of two consecutive π pulses of phase and +  associated with a | ⟩ ↔ | ⟩ transition, which corresponds to a closed path on a sphere composed of two meridian arcs shifted by an angle  and joining the north pole to the south pole. The geometric phase G is given through the solid angle of the surface sustained by the closed path = | − | Θ (see supplementary information). Note that the initial phase is irrelevant and can be set arbitrarily to zero. In a first experiment we applied the following pulse sequence:
The two end factors stand for the Ramsey interferometry In a second experiment, the geometric phase was accumulated by the state | ⟩ = | − 1/2⟩ when moving in the space of spaces associated with | − 1/2⟩ ↔ |3/2⟩ transition isomorphic to a spin-1 state space:
The q arm of the interferometer is now fed with the phase = = | − | Θ = 2Θ whereas the p arm remains unfed. It follows that − = 2Θ as again observed experimentally in figure 3 (a).
In a last third experiment we aimed at measuring an interference pattern in between two geometric phases. In this purpose we applied the pulse sequence:
with pulse as displayed in figure 3 (c) where it is seen through the probability of being in the state | ⟩.
Double transition Ramsey interferometry: Quantum gate.
Quantum operations on composite qubits can always be decomposed into a set of one-qubit gates and two-qubits gates and it proves of utmost interest to try out to implement the latter on a noncomposite system in fact a single qudit, which thus can provide useful resources for quantum technologies 37 . We investigate in this purpose how a quartit enables an iSWAP gate. According 
As displayed in equation 6, an iSWAP quantum gate is implemented in a quartit through merely a resonant 3π pulse applied on the 2 nd transition of the 4-level spectrum ( figure 4(a) ). However, the quantum gate affects both the phase and population of the states making it impossible to apply the previous Ramsey interferometry for the measurement of its phase. It is like attempting to measure the phase of an event that acts on both arms of the interferometer simultaneously. In order to circumvent this difficulty we propose to make use of a third arm in which we isolate one path, which is later used to interfere with the path modified by the implementation of the quantum gate. This is a more general Ramsey interferometry where the two π/2 pulses are not applied on the same transition. After an initialization of the system in the | − 1/2⟩ state, the two arms of the interferometer are created by applying a π/2 pulse on the | − 1/2⟩ ↔ |1/2⟩ second transition. Next, in order to preserve one path and to implement the quantum gate on the second one, a π pulse is applied on the |1/2⟩ ↔ |3/2⟩ third transition then the second transition is driven during a duration τ. Finally, the two arms of the interferometer are merged back by applying a π/2 pulse on the | − 1/2⟩ ↔ |1/2⟩ second transition. The sequence is completed only for τ = π (1+2n) with n a integer number.
Let us now focus on the output state as a function of n:
Two cases are clearly distinguished:
-if n is even, what correspond to τ = π and an accumulated phase equal to -i, the output is the state |3/2⟩
-if n is odd, what correspond to τ = 3π and an accumulated phase equal to i, the output is the state |1/2⟩
The evolution of the different visibility as a function of the sequence time for a pulse equal to π and 3π displayed in figure 4(b) and (c) respectively, experimentally prove the iSWAP quantum gate implementation and validate the selected strategy of the interferometry method.
Hadamard-Ramsey interferometry: coherence time.
Generally in quantum information protocol, Ramsey fringes are used to study incoherent process that affect a quantum superposition, thus measuring its coherence time. In the case of a qubit a first /2 pulse is applied to create a coherent superposition of states then the qubit is let to evolve freely in its decohering environment before being projected back in the read-out basis via a second /2 pulse. This is straightforwardly generalized to a qudit. Instead of creating a 2-state superposition using a /2 pulse, we apply a Hadamard gate 38 that creates a multi-level coherent 
where n are the pulsation detunings between the n th transition and the νn component of the pulse and where n are the Rabi pulsation of the n th transition. The nuclear spin is initialized on the state | − 1/2⟩, then a first Hadamard gate is applied. It consists of a microwave pulse ensuring the same Rabi frequency for both resonances ( = 1 = 2 ) with a detuning 1 = of duration = √3 3 ⁄ (see supplementary information). Then the 3-state superposition is let under free evolution during a time τ and a second Hadamard gate is finally applied. The final state of the system after this sequence is the following:
Where is the Hadamard gate and is the free evolution of duration τ. In our case, the 
Conclusion
We investigated on a single nuclear spin qudit different interferometric protocols to measure geometric phase, quantum gate phase and finally multi-level quantum superposition coherence time. The periodicities of geometric phase accumulation, related to intrinsic properties of the Hilbert space under investigation, have been validated using Ramsey fringes. Then, through an analogy in between this system and 2-qubits, we demonstrate the implementation of an iSWAP gate. The phase of this gate can be directly measured using a multi-transition Ramsey fringes.
Finally, using a protocol made of two Hadamard gate, we generalized the coherence time measurement of a two-level system to any n-level system. This protocol is illustrated by the measurement of a 3-state single nuclear spin superposition coherence time. These protocols and measurements open up a systematic way of quantum phase measurements on multi-level systems.
38. Leuenberger, M. Loss, D. Grover algorithm for large nuclear spins in semiconductors. Physical Review B 68, 165317 (2003) . " of the state after the iSWAP gate we make use a three-arms Ramsey interferometry. The peculiarity of the latter is that, in order to apply the quantum gate phase manipulation on only one arm of the interferometer, an additional π pulse is considered. Consequently, the π/2 pulses are sent on two different transitions. Visibility of each state as a function of the pulse length of the iSWAP quantum gate when the initial state is | − / ⟩, | − / ⟩, | / ⟩, | / ⟩ from bottom to top, respectively. With this sequence, the blue state visibility is maximized when the gate phase is equal to -1 and the green state visibility is maximized when the gate phase is equal to i. 
Methods:
The set-up is the same as that detailed in 23 excepting the microwave pulse generation. In this experiment the microwave pulse were generated with a Tektronix 24Giga sampling Arbitrary Wave Generator.
